DERIVATIVES: RULES

Part 1: Derivatives of Polynomial Functions

We can use the definition of the derivative in order to generalize solutions and develop rulesto find derivatives. The
simplest derivativesto find are those of polynomial functions.

Example 1: Find the derivative of the constant function f(x) = ¢ using the definition of derivative.

Solution: lim f(x+Dx)- 1(X) = IimEZO
Dx® 0 Dx D@0 DX

So, the derivative of a constant is 0. This corresponds to the graphing of derivatives we did earlier. The graph of a
constant function is a horizontal line and the slope of a horizontal lineisO.

f(x) = ¢
f(x) = 0

Symbolicaly, we write

Constant Rule: If f(x) = ¢, thenf’(x) =0.
Example 2: Find the derivative of each of the following functions based on their functions. The function and its
derivative are pictured in each diagram. A table of values for f and f ' is also shown. Study the values carefully.

The functionis given at the right.
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A pattern is emerging when we take the derivative of a power. The exponent becomes the coefficient of the
derivative and the power of the derivative is one less than the power of the function. Thisis called the power rule
and symbolically it is written as follows.

Power Rule: If f(x) = x", then f’ (x) = nx "1,

We noted above that the derivative of f (X) = X%is 2X. What is the derivative of 5x*? 16x°? 1023x°? Is
there a rule that governs multiplying a function by a constant? It is possible to answer this question by once again
going back to the definition of the derivative. The question we are asking is “what is the derivative of kx? 7?2

_ 2 _ 2
i JOPD- £ _ KO+ DR - kx
Dx® 0 Dx Dx® 0 Dx
_lim kx? + 2kxDx + kDx? - kx*
T D@0 Dx
= lim(2kx- kDx)
Dx® 0
= 2kx
= k(2x)

So, the derivative of afunction multiplied by a constant is the constant multiplied by the derivative. Or,
Constant Multiple Rule: Thederivative of kf(x) iskf ' (x).

What is the derivative of a sum or difference of several powers; i.e., what is the derivative of a polynomial?
Sum Rule: Thederivative of a sum f(x) + g(x) isthe sum of thederivatives, f’ (x) +g’ (x).

Likewise, the derivative of adifference isthe difference of the derivatives.

Difference Rule: The derivative of a difference f(x) - g(x) isthe difference of the derivatives,
(-9’ ().

With these few simple rules, we can now find the derivative of any polynomial.



Example 2: Find the derivative of f(X) =5x°- 3x* +2x° - 8x* +17

Solution: Find the derivative of each term of the polynomial using the constant multiple rule and power
rules. Then, add or subtract the derivative of each term, as appropriate.

The derivative of 5x° is5(6x°) =30x°.
The derivative of - 3x* is- 3(4x%) = - 12x°.
The derivative of 2x° is 2(3x%) = 6X°.

The derivative of - 8X° is - 8(2X) = 16X.
The derivative of 17 isO.

So, the derivative of f(X) =5x°- 3x* +2x° - 8x* +17 is f €x) =30x° - 12x3 +6x° - 16X.
Example 3: Find the slope of the tangent line to the curve f (X) = 3x% - 4x+3 at X = 1.

Solution: Using the derivative rules, f @) = 6x- 4. At x = 1, the derivative is 6(1) - 4 = 2. This can
also be writtenasf’ (1) = 2.

Homework Exercises Part 1: Derivatives of Polynomial Functions

Find the derivative of each of the following.

1. f(X)=4x7- 3x° 5. f(X)=x°-8x

2. f(X)=x3+x*- x+1 6. f(x):%x4-%x2+2x-4

3. f(x)=0.1x"- 0.5x°- 0.3x’- 0.25 7. F()=x+xX°+x + X+ X7 +x+1
4. £(x)=(3x-2)° 8. f(x)=(x+7)(2x- 3)

Find the indicated derivative.

9. f@)if f(x)=3x"-5x+2 11. f@€) if f(X)=3x"- 2x*+4

10, f©% if £(X) =55 - 3 +2x- 6 12 @3 if F(X)=2x +4xX +6
Write the equation of the tangent line at the indicated point.

13. f(X)=x%at (2 4) 15. f(X)=4- X* at (-1, 3)

14. f(X)=(x-1)*+1a(,1) 16. f(X)=2- (x-1D? at(-2,-7)

17. Usethe definition of derivative to prove that the derivative of alinear function is a constant; i.e., prove that if

f(x+Dx)- f(x)

f(X)=ax+bthen f @) =a,using [I)L&



18.

19.

20.

21.

22.

23.

Use the definition of derivative to prove that the derivative of a quadratic function isalinear function; i.e.,
f (x+Dx)- f(X)
Dx .

provethatif f(X)=ax’+bx+c, then f €X)=2ax+Db, using Iljigz)
Find all points on the graph of Yy = x® - x*where the tangent line is horizontal .

1
Find all points on the graph of y = :—3 x>+ X% - 3x+1 wherethe tangent line has slope 1.

The height x in feet of aball above the ground at t seconds is given by the equation X = - 16t + 40t +100
a. What is the instantaneous velocity at t = 2?
b. When is the instantaneous velocity equal to 0?

There are two tangent lines to the curve Y = 4X - X* that go through the point (2, 5). Find the equations of
both of them.

Suppose f @) =2, and g@) =- 1, find
a Thederivativeof f (0)+ g(0)
b. The derivative of 2f (0)- 3g(0)

Part 2: Derivatives of Negative and Fractional Powers

In the last set of exercises, you proved that the derivative of alinear function is a constant function; the derivative of
a quadratic function is a linear function; the derivative of a cubic function is a quadratic function. It is possible to
continue these proofs for any n. We generalized these derivatives by using the power rule and constant, sum and
difference rules. Thus far, we have used the power rule for positive integer powers only. What of negative and

fractional powers?

Example 1: Find the derivativeof f (X) = X2 =i2
X
Solution: Substituting into the definition, we get
11
- 2 2
lim f(x+Dx)- f(x) — lim (x+Dx)* X
Dx® 0 Dx Dx® 0 Dx
1 1
—im (X* +2xDx+Dx?)  X°
_Dx®0 DX
X° X +2xDx+ DX’
—lim X2 (X* +2xDx +Dx?)  x*(X* + 2xDx + Dx?)
_Dx®0 Dx
— lim X2 - (X% +2xDx + Dx?)
D@0 DX x*(X* + 2XDx + Dx?)
T - 2xDx- Dx?
=lim > >
D@0 DX x° (X + 2xDx + Dx°)
- 2x- Dx _-2X 3

m = :%=-2x

=i
D@0 x*(x* +2xDx+Dx*) X' X



So, the derivative of f(X) =x 2 is f @) =-2x>. Therefore, the power rule applies to negative exponents.

Study the graphsof Yy = X2 and y=- 2x 3 below. Is X2 differentiable at every point?

J{L

From the graphs, we seethat X ? isnot differentiable at x = 0.

Isit possible to apply the power rule to fractional exponents? Consider the function f (X) = Jx.

1
Example 2: Find the derivativeof f(X) = Jx =x2

Solution:  Substituting into the definition, we get

i FO+HDX) - F(x) \/x+ Vx+Dx- VX _

Dx® 0 Dx Dx®0

D % B
DX JxrDordx
—lim X+Dx- X
DX®0 Dx(\/x+Dx+\/_)

9=
23

=lim

D@ 0 Dx(\/x+ Dx ++/X)
1 1 _1, 2
=lim =X?
D®0 /X + Dx + 2\/_ 2

\ -

1
So, the derivative of f (X) =JX or f (X)=x2is f @) ==x 2

|\>||—\

. Again, the power rule applies.

Homewor k Exercises Part 2: Derivatives of Negative and Fractional Powers

Find the derivatives of each of the following functions.

1
1. f(x):? 4. f(x)=¥x
2. ":(X):Xz-i2 5 f(x):3X2_4\/;_4
X
5 _ 3_ 2_ _
3 f(x)__ %+x-£ 6. f(X)::Bx 4x° - 2x°- x-1
X X X



Find the indicated derivative.

7. T@) if f(x):%-E+p 0. f@2)if f(X)=3Yx- 2Jx+4
X X
8. f©% if f(x)=£3-%+2-6 10. f@6) if f(X)=24/x+4x’+6
X X X

Write the equation of the tangent line at the indicated point.

1. f(X) =X a(4,2) 1. f(x):x+§ a (1, 3)

13.1f f(X) =13- 8x+~/2x% and f @) =4, find C.

Part 3: Derivatives of the Sine and Cosine Functions

Look at the graph of f(X) =Sin X and itsderivative. What isthe derivative of Sin X ?

If f(x) =sin x, thenf’ (x) = cosx.

Do thesamefor f(X) =COSX. What isthe derivative of COSX ?

Be careful! The temptation is to say that the derivative of f(X) =COSX is SINX, but note that it is

f@)=-snx.

If f(x) = cosx, thenf’ (x) =-sin x.

Example 1: Find the derivative of f(X) =2sinX- 4Cc0oSX.
Solution: The derivative of 2SiN X is 2C0SX

The derivative of - 4COSX is - 4(- SinX) =4sin X.
So, the derivative of the functionis f €X) =2cosx+4sinx.

Example 2: Find the equation of the tangent lineto the graph of Y =3SiNX at X =

WS



Solution: The derivativeof f(X) =3sinx is f @) =3cosx.

The value of the derivative at X=£is 3cos P =3 1 :E
3 3 2 2

X:’t_7 % :3@ :ﬁ

2 2

They value at is 3sin

So, the tangent lineis Y - ?:g X- %

Homework Exercises Part 3: Derivatives of the Sine and Cosine Functions

Find the derivative of each of the following functions.

1. f(x) =3sinx+6cosx 4. f(x)=2x- 2cosx
2. f(x):l-sinx 5. f(x):cosx-&
X
1. 2 _
3. f(x):Esmx-—3 6. f(X)=sin’x+cos’ X
X

7. Find the equation of the tangent lineto Yy =SINX at X = 1.

1.
8. Attimet seconds, the center of a bobbing buoy is E Sint meters above or below water level. What isthe

velocity of thecork att=0, /2and ?

9. A weight is hanging from a spring. It iscompressed 5 cm above itsrest position (X = 0) and released at time
t = 0 seconds to bob up and down. Its position at any later timetisX =5C0St . What isits velocity at time t?

Y ou can simulate the up and down motion of the spring y using parametric equations. Graph simultaneously

< =P

Use the TRACE key on your calculator to explore the position and velocity functions. If you change
to , you can see the up and down motion of the spring.

10. A normal lineis perpendicular to the tangent line. Find the equations for the lines that are tangent and normal

tothecurve Y =+/2COSX at thepoint 2,1 .



Part 4: Derivatives of the Natural Exponential and L ogarithmic Functions

Look at thegraph of f(X) =€* and itsderivative. What isthe derivative of €"?

/ /
| |

If f(x) =eX, then f ' (x) = €X. The natural exponential function isthe only function that hasitself as
itsderivative.

Do thesamefor f(X) =InX. What isthe derivativeof InXx?

| \
[ |

If f(x) =Inx, thenf’ (x) = 1/x,x>0.

It is possible to use the laws of logarithms to aid in finding derivatives of natural logarithmic functions.

Example 1: Find the derivative of f (X) =Inx?.
- b — 2 _
Solution: Weknow that loga” =bloga. So, InXx® =2In X (when x> 0). Now, we can

apply the constant multiple rule and find the derivative of

fo: fey=2 % =2

X X

Example2:  Find the derivativeof f(x)=In(x* &)
Solution: Again, apply alog rule:In(ab) =Ina+Inb.

So, In(x2 ex) =Inx*+Ine* =2Inx+xIne. Whatis Ine? Recall that the
natural logarithmic function and natural exponential functions are inverses of each other.
Therefore,Ine=1. So, 2Inx+ xIlne=2Inx+ X. Now, that we have simplified the

1 2
function, finding the derivativeissimple. f €x) =2 — +1=—+1.
X X



Homewor k Exercises Part 4: Derivatives of the Natural Exponential & L ogarithmic Fns.

Find the derivatives of each of the following.

1. f(X)=5x*+4¢e" 6. f(X)=x>-Inx
2. £(x)=(In2)x?- (In3)e* 7. f(X) = pe* ++/x

“inx- L __1 . . 35
3. f(X)=Inx ~ 8. f(x) {_’/; 3lnx- 3e
4. f(x)=Inx® 9. f(x)=In(3x"e)
5 f(x)=In =X

X

10. Find the equation of the tangent line to the graph of the function at the point (1, 0).
3

a f(x)=Inx2 b. f(X)=Inx
11. Consider thefunction f (X) =1- €*. a Find the slope of f(X) at the point where it crosses the x-axis.
b. Find the equation of the tangent line to the curve at this point.

c¢. Find the equation of the normal line to the curve at this point.

12. Find the equation of the tangent line to the function f (X) =3x® - InX at the point (1, 3).

Part 5: Differentiability

When we examined functions with negative exponents as well as the natural exponential and logarithmic functions,
we found that there were certain values where we could not find the derivative of a function. There are actually
several situations that destroy differentiability at a point. In order to determine whether a function is differentiable
at agiven point, we will again return to the definition of the derivative.

Example 1. Consider the function f (X) = |X - JJ . Find the derivative of this function at x = 1.
Solution:  Substituting into the definition, we get

i £OED)- £ _ A+ Dx- - [1- 1
Dx® 0 Dx Dx® 0

IimM

Dx@0 Dx

The limit does not exist, because the limit from the left and from the right differ:

Iimle but IimMLl
Dx® 0" DX x®0 DX

Therefore, the derivative does not exist at x = 1. Or, in other words, the function f (X) = |X - ZIJ
isnot differentiable at x = 1.



Examine the graph of the function at x = 1.

\{\/

The graph comesto a sharp point at x = 1.

Now, study the graph of the derivative as given by the calculator. It supports the results found by
using the definition of the derivative.

Now, use the command on your calculator to find the derivative of the function at x = 1.

nberivdabs CH-12
a1l .

Obviously, the calculator is giving an incorrect answer. Why isthat? Recall that your calculator
uses the symmetric difference quotient when computing the derivative. Essentially, it is averaging
theright and left hand limits as it approaches the given value. In this case, the left and right hand
limits are -1 and 1, and when averaged they give 0. No matter how small a Dx you choose, you
will always get left and right hand limits of -1 and 1 and you will get an averaged value of 0. The
calculator will always give an incorrect answer when the graph comes to a sharp point, so it is
important to examinethe graph of a function when using the calculator to find the numeric
derivative.

Note, the derivative of f(X) does exist at other points. You can find f @). Itis-1. And,

f €0)=1.
Example 2: Consider the function f(X) = 3/x - 1. Find the derivative of this function at x = 0.
_ . 1.2 1 1
Solution: Using the power rule, weknow f @&x)==x3=—>=
3 2 g3y
3x3
Obviously, when we try to evaluate this at x = 0, we get an undefined value. What does this
mean?

10



Example 3:

Study the graph of the function.

At x = 0, the graph becomes very steep. When you examine the graph of the derivative you find

an asymptote at x = 0:

What does your calculator tell you? There are two values displayed below, one for a Dx of
0.0000001 and one for a Dx of 0.00000000001. Note that the values are getting very large; they
are approaching infinity.

nberiviE™cl 32=1

45
nberiviE™cl32=1
a i By AEBEEEEEEE

21544346.3

This means that the function has a vertical tangent line at the point x = 0, atangent line with an
undefined slope. Again, you cannot trust your calculator to find the correct derivative for you at
this particular value.

It is possible to find the derivative of this function at any other value on your calculator or
by using the power rule.

. o . x*-2x+1 if x<1 . o
Consider the piecewise function f(X) = , and find the derivative
2X- X if  x31

of the function at x = 1.

Solution: f @) =2x- 2 ifXx<land f €X)=2- 2Xif X 1. For both of these, if we substitute x = 1,

we get avalue of 0. Thisimpliesthat there isahorizontal tangent line for the function at x = 1.
But does this make sense? Again, examine the graph of the function.

-

Thereisadiscontinuity at x = 1. It doesn’t make sense that there is a tangent line at a point of
discontinuity.

11



These three examples illustrate three ways that differentiability can be destroyed:

1. When the graph of a function comesto a sharp point. Thereisno tangent line at this point.

2. When the derivative of afunction isundefined at a particular value and the graph of the function
becomes so steep that it appears amost vertical itself. The tangent lineisavertical line with an
undefined slope.

3. When the graph of afunction is not continuous at avalue. Thereis no tangent line at this point.

These situations are illustrated below.

a b c d

v

At points a and b, the function is discontinuous and therefore not differentiable. There are no tangent lines to the
curve at these points. At point ¢, the function is continuous but not differentiable since the curve comes to a sharp
point. There is no tangent line at this point. At point d, the function is again continuous, but not differentiable.
However, there isavertical tangent line at this point.

Homewor k Exercises Part 5: Differentiability

Examine the graphs of each of the following functions. Indicate the points at which the functions are not
differentiable, and give the reason this occurs.

1 f(9)=[i- X 5. f(x)=-2X
x-1
2. 1) =¥x* 6. £(X)=4(x-3)’
3 f(=2 7. (0 =4x
X
2 X
4. f(X)=|x°- 8. f(x)=
() =]x*- 4 ()=——
9. Determine whether the functions below are differentiable at x = 2.
x*+1 if xX£2 1x+1 if x<2
a f=, o , b g(x)= 2
- >
X X \/Ex if x32

12



10. Consider the pictured function below:

a Whereontheinterval - 1< X <7 doesthe limit of the function fail to exist?
b. Whereontheinterval - 1< X <7 does the function fail to be continuous?
c. Whereontheinterval - 1< X <7 doesthe function fail to be differentiable?
d. Whereontheinterval - 1< x<7is f @) =07

Determine if the following statements are true or false.

11. 1f f @) =g&X) forall X, then f(X)=g(X) foral x.
12. 1f f(X)=p*, then f €X)=4p>.
13. If f @) exists, then fiscontinuous at C.

14. Thegraphof y = x/; has atangent line at x = 0 but the derivative of the function does not exist there.

15. The derivative of a polynomial isa polynomial.

16. If afunctionis continuous at a point, then it is differentiable at that point.

17. If afunction has derivatives from both the right- and the left-sides of a point, then it is differentiable at that
point.

Part 6: Other Notations and Higher Order Derivatives

The f @) notation is one of the most common notations for derivatives, but there are others:

Y b Lr)
dx dx

These three notations use “d” or “D” to indicate taking the derivative of a function named y or f: the derivative of

Y with respect to X or the derivative of f with respect to X. In these cases, Y or f is the dependent variable; X is the
independent variable.

d .
Example 1. Find each of the indicated derivatives: a E(Zt3 - smt) b. D, (ax2 +bX+C)
Solutions:  For part a, you are being asked to find the derivative of the given function with respect to the

d (2t3- sint):6t2- cost

independent variablet: —
dt

13



For part b, you are being asked to find the derivative of the given function with respect to the
independent variable X. Thisindicatesthat &, b, and C are constants.

Dx(ax2+bx+c) =2ax+b

There are several applications for higher order derivatives; i.e., derivatives of derivatives. We will examine these

applications in the next chapter. It is important to learn the notation and practice the process before learning the

applications. The derivative of the first derivative is the second derivative. It can be denoted by
2

d
f@), D’y or dTZ . A summary of notationsis given below.

Derivative | f notation | D notation | dy
—=notation
dx
first f €) D.y ﬂ
dx
second f @) ny d_zy
dx’®
third f @() ny d3y
dx’
fourth f iV(X) Djy L‘«y
dx*
fith 100 | Dy | dy
dx®
th
" FO(x) Dy d"y
dx"
Example 2: Find the first five derivativesof f (X) =sinx
Solution: f €) = cosx
f@)=-sinx
f @X) =- cosx
f¥(x) =sinx
f¥(x) =cosx
Example 3: Find the first four derivativesof y =Inx
Solution:
d_1 dy_2
dx X ax®*  x°
dy _ 1 dy _ 6
ax* X ax* X

14



One type of problem that we have studied throughout the last two units has been position and velocity. We learned

dx
that the change in position (X) with respect to time (t) yielded velocity; i.e., velocity = E . The change in velocity

v d®x
(V) with respect to time yields acceleration; i.e., acceleration = E = ?
Example 4: An object moves along a path so that its position x is defined by the function

X(t) = 2t> - 24t +8, where X is measured in centimeters and t in seconds (t > 0). Determine the velocity
whent=1andt=6. Whenisthevelocity 0? Determinethe accelerationatt = 1.

dx
Solution: Velocity = p =6t°- 24. So, at t = 1, the velocity is -18 cm/sec. At t = 6, the

velocity is 192 cm/sec. The velocity is O when 6t° - 24 = 0. Solving this equation, we
get 6t*- 24=6(t- 4) =6(t- 2)(t+2) t=%2. Sincet> 0, the velocity is0

. dv . )
att = 2 seconds. Acceleration =a =12t. Att=1, the acceleration is 12 cm/sec’.

Homework Exercises Part 6: Other Notations and Higher Order Derivatives

Find the first three derivatives for each of the following functions.

1. y=x*-3x*+6x- 5 5. f(X) =X
1
2. y=C0SX 6. f(X)=—
y (x) X
3. y=¢" 7. y:In(xz)
4, f(x):i2 8. f(X) =sinx+cosx
X

9. Without using any formulas, find the following derivatives. Explain your reasoning.
a Df(x4 - 3x° +5x- 7)

b. D; (sinx)
c. Df(ex)

10. Suppose f(X)=ax’+bx+cand f(1)=5  f@)=3, f@)=-4. Finda b andc

11. The position of an object moving along a coordinate lineisgiven by X(t) =2- 2sint . Find the velocity and
acceleration of the object at time t = %

12. The position of an object thrown upward on the moon is given by the function X(t) = - 2.7t* + 27t + 6 where

x is measured in feet and t is measured in seconds.
a. Find expressions for the velocity and acceleration of the object.
b. Find the time when the object is at its highest point by finding the time when the velocity is0. What is
the height at thistime?

15



13. Thegraphsof f(X), f'(X) and f""(X) are shown. Choose the letter (a, b, or c) that represents each.

b cf

True/Fase
5

14, 1f y = (x- 1)(x+2)(x+5)(X- 7) then f'jxy =0.

5

15. The second derivative represents the rate of change of the first derivative.
16. If the velocity of an object is constant, then its acceleration is 0.

Part 7: Other Differentiation Rules

Consider the function, Y = XSin X. Thisisaproduct of two functions for which we know the derivatives. We also

know that the derivative of the sum of two functions is the sum of the derivatives. Isthis true of the product of two
derivatives? If it was true that the derivative of the product of two functions is the product of the derivatives of the

two functions, then the derivative of x sin x should be (1)(COSX). We can check this graphically with the
calculator. The function and its derivative are pictured below.

VM AT , /\ %
cEnUer-1w 1202

)

e | K/_\\//_\';

[ 1A MY

It is obvious that the graph of the derivative of XSin Xisnot COSX. Therefore, the derivative of the product of two
functionsis NOT the product of the derivatives of the two functions.

eX
What of the derivative of the quotient of two functions? Consider the function Yy =—. If the derivative of the
X

quotient of two functions is the quotient of the derivatives of the two functions, then the derivative should be or

‘WiHe s m
'-:.l-'z=r'|l:ler'~iu{'-r'1=H=H r'\_,-/ ‘ /

We=
y=
‘Ye=
Yg=
Ve=

Y1 Y2

This is not the graph of €. Therefore, the derivative of the quotient of two functions is NOT the quotient of the
derivatives of the two functions.

16



What of the derivative of the function of a function (the composite of two functions)? Consider the function
y=sin (X2 +1) Is the derivative of this function simply COS(X2 +1) ?

'YBzin CHEZ+1
¥2=hDEP1UﬂV1:ﬁ:ﬁ
Wa= i) i

Yy= 4ohS DAY
Vo=
“Ve=
r=

Y1

N
Vi

Y2 y:cos(x2+1)

Again, theruleis not so simple. The derivative of the composite of two functions is NOT simply the derivative of
the principal function composed with the given function. A special rule caled the “chain rule” is needed in this
case.

Chain Rule: If f isdifferentiable at x, g isdifferentiable at f(x), and h(x) = g(f(x)), then h is
differentiableat xand h’ (x) =g’ (f(x)) - f ' ().

For the example above, if we let f(x)=x*+1  and g(x) =sinx, then
h(x)=g(f(x)), f&)=2x, and g®&x)=cosx. Therefore, according to the rule,
h@x) = cos( f (X)) 2x = cos(x* +1) 2x = 2xcos(x2 +1) .

The graph of this function is pictured below.

-
VY

Note that it is the same function pictured in Y 2 above, the derivative of Yy =Sin ( X2 +1)

So, in order to apply the Chain Rule, a composite function must be decomposed into its component parts, the
derivatives of each of these component parts must be determined and the Rule applied.
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Example 1: Find the derivative of h(X) =+/4- X

1
Solution: Let f(X)=4- x* and g(X):&IXZ.
A
Thus f@)=-2x and g©<)=%x2.
Using therule, we get
1 1 1 N i~
h&)==(f(x) 2 (-2x)==(4- x ) 2 (-2X) =—
©)=2(F(9)2 (-29=7{4-x ) 2 ( =T e
Example 2: Find the derivative of h(X) = €
Solution: Let f(X)=2Xand g(X)=€*.Thus, T@&)=2 and g&x)=¢€".

Using therule, we get h@x) =e'™ (2) =e** (2) = 2&**

The two rules yet to be learned are the product and quotient rules; and, the chain rule must be more completely
explored. In combination with the rules already learned, they will allow you to find the derivative of any function.
The product and quotient rules will be studied next year in calculus, as well as combinations of al the rules in much
more complicated functions.

Homewor k Exercises Part 7: Other Differentiation Rules

For problems 1 - 6, find h@x)..

1. h(x)=(2x+1)10 4, h(x)=(cosx)2
2. h(x)=In(x*- 1) 5. h(x) =sin(x?)
3. h(x) =™ 6. h(X) = ——

X* +4

For problems 7 - 16, determine if the derivatives rules from this chapter apply. If they do, find the derivative. If
they do not, indicate why.

7. y=+/3x-1 12. y=sin®x
8. y:i-p 13. y= !
x? 2x% - X
9. y=2* 14. y=¢'x
10. y=X" 15. y=(In2)¢e"
11. y=ex’ 16. y=p* +€"

18



True/Fase

1 dy -3
17. If y=— then — = —. 20. If f \J2X , then f €X) = ——.
y 3Xten X X2 (X) ten @0 \/_
dy 1
18. If y=p?, then —==2p. 21. If V1+X,then —= = .
y=p.then dx P y= e dx 241+ X
X dy _ 1
19. If y ==, then — =—.

P dx p
Optional Exercises:
22. Using the function f (X) = XSin X, verify the product rule: ( fg)©: f@+ fgc

©
e f f@- fgc
23. Using thefunction f (X) =—, verify the quotient rule:  — :M
X

g g
Homework Exercises Review
Find the derivative of each of the following:
1. f(X)=4x3- 3% 7. f(x):sinx-2cosx-1
X
4_
2 f(y=2X"1 8. f(x)=3e- 2Inx
_P 2
3. f(X — 9. f(X)==-
(%) =x- [ () ="5-p
4, f(x):? 10. f(x)=(tanx)(cosx)
X
5. f(X)=(x-1)(x*- 2x+3) 11. f(x)zii(
X
2
1
6. f(X)=In (2x°)(2¢e" 12 f(x)=22
(9 =In (2x)(2¢") (0="F
Find the second derivative for each of the following:
13. f(x):xz-E 15. f(X)=2sinx- 3cosx
X
14. f(X)=(2x- D(3x+4) 16. f(x)=In(x")

17. Find the equation of the normal line and the tangent lineto the curve Yy =INX atx = 2.

18. Sketchthe graphof f(X) =4- |X- 2|.

a. Isf continuous at x = 2? Why or why not?
b. Isf differentiable at x = 2? Why or why not?
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19.

20.

21.

XC+4x+2 if x<-2

Sketch the graph of  f (X) = )
1- 4x- x> if x3-2

a. Isf continuous at x = -2? Why or why not?
b. Isf differentiable at x = -2? Why or why not?

Let f be the real-valued functioned defined by f (X) = Jx

a. Give the domain and range of f.
b. Determine the slope of the line tangent to the graph of f at x = 4.
c. Determine the y-intercept of the line tangent to the graph of f at x = 4.

d. Give the coordinates of the point on the graph of f where the tangent lineisparalel to Y = X- 2.

AP Calculus Problem: 1978 AB 1 Given f(X) = X°- X*- 4x+4. Thepoint (a, b) ison f(X) and atangent
line passes through (@, b) and (0, -8), which is not on the graph of f(X). Find aand b.

True/Fase

22.
23.

24,

25.
26.

27.

28.
29.

30.

If afunction is continuous, then it is differentiable.
If f(x)=g(x)+c,then fEX)=g€x).
1f f(X) isan n" degree polynomial, then f(x) =0.
I f(X) isan n" degree polynomial, then ™ (x) =0
The acceleration of an object can be negative.

1 24
If f(x)==,then f(x)==.

X X

If f(X) isdifferentiable at x = c, then f'(X) isdifferentiable at x = c.
If agraph of afunction has atangent line at apoint, then it is differentiable at that point.

ity =f(x) g(x),then%: f @) g@X).
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