1 Abstract

Apology. In a manufacturing environment, it is crucial to establish a high standard of quality
control while at the same time maintaining a balanced budget. Robustness of production as well
as the minimization of risk are also of concern. Ergo, simple, automated techniques for weeding
out defective pieces are desirable. It is the intention of this project to analyze the effectiveness of
one such technique.

Purpose. It is not uncommon for constructs to be delivered by conveyor belts as they are
processed in a factory. Their continuous motion, when directed over the end of such a surface,
induces a certain rotation that accompanies each item during the pursuant fall. Proposed is to sort
these items by exploiting variance in this rotation via the precise positioning of one or more slots.
It is hoped that this motion will be sufficiently sensitive to deformation as for this procedure to be
feasible.

Scope and Procedure. The scope of this project is exploratory in nature; there is no sense
in attempting to develop a general method. Thus, we will work with a rather simple subset of
possible pieces. Moreover, due to logistic constraints, experimentation will be conducted primarily
within a digitally rendered environment. The model will be coded from scratch so as to give me
total control of the physics involved, and repeated trials with dependent variance will be employed
to discern the efficacy of this sorting technique.

2 Model Synthesis

Derivation of Theoretical Equations. We will work under admittedly simplistic circum-
stances, assuming that the objects being sorted are approximated by a rectangular block of length,
height, and depth [, h, and d respectively. We call the generic block B. We suppose furthermore
that there exists a uniform density ¢ within B, so that its mass M, generally given by

ﬂfz///pf’idv

is instead given by M = hldé. In a real environment, products are typically delivered by conveyor
belt. Due to aforementioned logistic constraints, we use the approximation of an inclined plane,
which we call P. B will be released from the top of P.

We write # for the angle beween P and the gravitational equipotential contour. Let pus and
ix denote the static and kinetic coefficients of friction, respectively, between B and P. Under our
assumptions of uniform density, the relevant calculations are straightforward. If yus > tan(#), then
no motion results due to static friction, otherwise B moves under the force of gravity and friction.
Ife > Z—' —Kan (’?—) then the block tumbles down the incline; we assert that this is not the case.
The normal component of the contact force, F},, is given by |F},| = Mpgcos(f), and the frictional
component, Fj, by |F| = Mpggpy cos(f). B then slides down P along path C until enough of
it hangs over the edge of P for it to begin to rotate. Let us call this phase of sliding initiation.
Initiation is governed by Newton’s 2nd Law applied in the direction &, with the positive direction
pointing straight down P:
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If the plane has length D in the & direction, B slides a distance of D — (I + htan(f)) straight
down the plane, after which it begins to pivot about the edge of the plane. Let us call this edge €.
Calculation of its velocity ¥ at this time can be simplified via conservation of energy:
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Thus far, our equations have dealt with constants. In this phase w (angular velocity) is determined.
Accordingly, we call it glide-rotation. During glide-rotation, critical variables that govern the
movement of B, such as Iz and 7% the moment of interia and torque about  respectively, are
functions of the position of B itself. Let & denote the axis parallel to  that passes through the
3-D center of B. The calculation of the moment of intertia of B about &; is straightforward:
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The parallel axis theorem yields I- = Mg % - 1‘2)._ where r is the distance between € and

€,. lorque is given by 1z = MpgA,, where A, is the horizontal displacement of the center of the
block past €. The torque equation then gives us
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Where A; = cos(3) V’{ r? — 2= +sin(8)g and 3 =6+ [w. A central calculation of & determines the
torque due to the contact force between B and P. Since F,, = Mpgcos(3) (so that the block does
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not accelerate along the normal direction), this in turn enables us to compute Fj.:
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This implicit set of differential equations is much too difficult to resolve by elementary methods,
and thus requires a computational model. Furthermore, we assume that contact between B and
any slots is by nature a rigid-body collision in which the slots are fixed and infinitely massive.
Moreover, we assume a constant elasticity £ € |0, 1] for all of the collisions. Let 7, p;, p. w;, and
U; denote the vector pointing from the center of B to the parcel of B in the collision, a unit vector
in the direction of the impulse delivered, the impulse delivered, the initial angular rotation and

o |2
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where E; is the initial energy %_-'1-1 Blu;|* + %I C,u)? and ©; - p, = v, Po, + Vi, Po,- We choose /-
because as E — 17, the expression with —/" - tends to 0. (Recall, for instance, that ;- p, is always
negative.) Of course, the fixed elasticity opens the possibility that |p] is computed to be imaginary.
For such instances, we adopt the convention of perfect elasticity, which is uniquely determined by
computing |p| with £ = 1.

The crux of my project is to create and refine this model to the degree that I can predict the
w that will result when B is released from the top of P. Hopefully, there will be a high enough
degree of sensitivity to the dimensions of B that I will be able to sort good and bad pieces based
on the variation in w.

Computational Modeling In order to separate the model itself from the input and graphics
implementation, the source has been partitioned into three files:

1. PhysModel. cpp - The body that contains most of the physics equations and graphics routines
to render the set up.
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Parse. cpp - The file which takes the command line input, defaulting unassigned variables to
the previous run via an intermediary storage file.

3. Polygon.cpp - The source that defines general graphics functions, the structs Polygon and
Vertex, and several polygonal intersection routines.

The fundamental hypothesis of this project is the assumption that the complicated motion of
the block can be modeled as a discrete set of equations repeatedly propagated through a small time
step. The goal, then, is to apply such modeling techniques to a system that is hopefully sufficiently
complicated as to exhibit a high degree of sensitivity to independent variables such as height and
length.

Implementation begins with calls to several initialization routines. The first call interprets the
command line input. From the command line, independent variables can be assigned by appending
the word “*VariableName=Value” to the end of the command line call. Graphics and a number
of debugging flags can be assigned via the word “-flags”. (Graphics, for example, is the flag “g”,
which then propagates as GFX=1.) Then the Sine, Cosine, Tangent, and Sqrt look-up tables are
calculated. By precomputing the values of sine, cosine, tangent, and square root at millions of
points, we can effectively negate the cost-expensiveness of computationally expense Taylor series
calculations without intolerable loss of precision. Indeed, a brief scan of direct comparison indicates
accuracy to roughly 6 correct decimal places.

Implementation continues with a call to display, which serves to manage thousands of repeated
calls to Model, in which the independent variables of length, height, and the position of the rightmost
slot-block are minimally altered. The values returned are tabulated in the file specified by the
ofstream DAT. The variable ANOMALOUS is a global that keeps track of the validity of the computed
outcome: the block being either or rejected by the slot. The potential loss of validity is a function
of the theoretical assumptions that we have made which are not necessarily valid. Some potential
errors and mitigating devices I have used to address them include

e Error induced by Eulerian time discretization. Because of the complex nature of the system,
it is difficult to determine precisely how this affects accuracy. The runs I have conducted on
a typical PC use what appears to be a small time step: between one and three hundredths of
a second.

e Perfectly rigid collision. As we shall see, there is a small tolerance built into impulse function
which governs this collision.

e Look-up table error; as mentioned, calculated sufficiently many times, this error can be re-
duced to on the order of 1 part in 1,000,000.

Implementation continues to the model itself. A few qualitative comparisons are conducted.
Static friction must meet or exceed kinetic friction. but must not be so great as to prevent any
motion at all. Moreover, the assumption that block-plane contact remains face-to-face throughout
initiation asserts a simple trigonometric relation. Finally, if the block is simply too large to fit
through the slot, the rejection is categorically recorded as a rejection with zero anomaly.

After the said preconditioning, the model simulates the triphasic experiment in three consecutive
loops. The variable IPS is employed in conjunction with SDL_DELAY to add sufficient artificial delay
s0 as to obtain the desired number of iterations per second. The delay function itself takes only
integer arguments; thus, all values of IPS in excess of 1000 are equivalent. Otherwise, the loops are
governed by a discrete version of the physics described in detail above. The Collision function
returns whether or not the block overlaps with any of the slot polygons, assigning to every edge
of each shape the number of other edges it intersects with. Upon return to the base loop making
the call, the program calls impulse to handle the relevant impulse transfer. impulse runs time
forwards and backwards with progressively smaller time steps until it has precisely determined
when the said collision occurred. Again, we have employed a calculational technique to lower the
number of computations necessary while maintaining high precision. The function then computes
under the standard two-dimensional Newtonian dichotomy:

1. Either a corner of the block has protruded over an edge of a slot-block, or
2. A corner of a slot-block has protruded over an edge of the block.

That is, it assumes that we do not have the scenario where two corners mutually protrude
over one another. The above physics equations are then applied. The direction of the frictional
component is determined via a sequence of vector calculations. The normal component is then
scaled according to COLFRICOF, the fixed coeflicient of friction for these impacts, and impulse is
delivered. The potential error is of the block rotating partially into the slot-block due to its rigidity.
A small fraction of the collisions result in this anomalous motion: hence. the resultant motion is
checked by another loop governed by the Collision function. If at least one iteration is spent
with such positioning, the current iteration is flagged with an anomaly value of 2. If too many
such iterations occur, a value of 4 is used instead. Finally, the acceptance / rejection of the block
is determined by checking its center with a set of horizontal and vertical thresholds. Model returns
0 for a rejection and a 1 for acceptance.

3 Conclusion

We convert the records of the trials into images for a cursory and qualitative analysis. Green
pixels are plotted for trials resulting in acceptance, and black is plotted for rejections. Anomalous
trials, with various computational errors previously treated, are those appearing in red.

Here we refer to the parameters of the subsequent image. For this particular image, the hori-
zontal scale is one pixel equal to one millimeter in block variance, with the base value being plotted
in the leftmost column and increased with each pixel to right. Vertically, one pixel is a half of a
centimeter in slotwidth flux, with the initial value at the top and increases in slotwidth with each
pixel down. More precisely, the leftmost block was held fixed - the changes here were in the position
of the right half of the slot. The base block is one meter long and half a meter in height. The
image itself actually consists of two sensitivity tests - the top half corresponds to flux in length,
with the bottom depicting sensitivity to increases in height. We base our conclusion primarily on
this image, which by itself raises some interesting points.

First, the complicated nature of the image suggests the presence of a high degree of sensitivity
not unlike that which was hoped for at the outset. Although nearly all blocks become accepted for
suitably large slots, only a thin band are accepted prior to the threshold; hence, with blocks suitably
tailored, this exploratory experiment seems to indicate that a single ramp-slot can be manipulated
to exact sensitivities corresponding to a few pixels - or roughly one part in one hundred. Moreover,
there is nothing to confine the application of this methodology to simply one slot. It is clear that the
use multiple ramps and slots would enable us to select the intersection of superimposed images.

Second, there are a number of columns which across which there is a drastic change in acceptance
patterns. These are the result of bifurcation, or qualitative change in computed outcome. In this
experiment, such bifurcation occurs when the collisions rendered between the blocks change from
block overlapping slot and vice versa. Our treatment of this topic has been rather crude. We have
held the first block fixed throughout computations yet this block plays a large role in separatrix
demarcation.
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