TJ USAMO Practice 9 - TJMO Contest 1

Varsity Math Team
December 9, 2004

1. Let x1, x5, 73, ... be an infinite sequence of positive integers such that
r; < wx;41 for all positive integers . (2)
Tnr1 < 2n  for each n > 1. (3)

Show that for any integer k, there exist positive integers ¢ and j such that k£ = z; — z;.

2. ABC is a triangle and M is the midpoint of BC. D is a point on BC. Let O; and
O, denote the circumcenters of triangles ADB and ACD respectively. Let X denote
the intersection of O;0, and the perpendicular bisector of AM. Show that X is the
midpoint of O;0s.

3. Show that, for all positive reals a, b, and ¢ such that a4+b > ¢; b+c¢ > a; and c+a > b,
we have
2a*(b + ¢) + 2b%(c + a) + 2c*(a + b) > a® + b* + ¢ + 9abe

When does equality hold?



